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Abstract.—Estimates above and below are obtained for the height of the
equilibrium free surface of a liquid when the liquid partially fills a cylindrical
container whose cross section contains a corner with interior angle 2a. The
surface is characterized by the condition that its mean curvature be proportional
to its height above a reference plane (or, in the case of zero gravity, that the
mean curvature be constant), and by the requirement that it meet the container
wall with preseribed contact angle v. It turns out that the qualitative behavior
of such a surface near the vertex changes markedly, according as « + v < im, -
or @ + ¥ = iw. In the former case, the surface is either unbounded or fails
to exist, while in the latter case every such surface is bounded. Some experi-
mental comparisons are indicated, and an application to the problem of desecrib-
ing the mechanism of water rise in trees is discussed.

The above results describe a limiting case among corresponding properties
that hold for surfaces defined over domains with smooth boundaries. This
extension is indicated, as well as a formal extension to n-dimensional surfaces;
here the interest centers on the fact that it is the mean curvature of an (n—1)-
dimensional boundary element that controls the local behavior of the n-dimen-
sional solution surface.

1. Consider a volume of liquid that partially fills a cylindrical container Z,
forming an equilibrium free surface 8, as determined by surface and gravita-
tional forces. The base D of Z is to be a right section, bounded in part by two
straight segments which meet at a point V and form there an interior angle 2a.
We suppose the cylinder to be so oriented that the gravitational field is directed
parallel to its generators, and we suppose also that in this configuration $
covers D and can be represented by a function u = u(z,y), (z,y) = x € D.
We propose to investigate the behavior of 8§ as V is approached from within
the (wedge-shaped) region .

The form of 8, when such a surfacs exists, can be determined by the vanishing
of the first variation of the sum of the gravitational and surface energies, among
all configurations that keep the liquid volume fixed. We are led to the dif-
ferential equation

div (W=1Vu) = «u + 2H, W = (1 + w2+ u2)'? (1a)

where H and « are constants; here « is twice the reciprocal of the traditional
capillary constant, x = pgo—?, ¢ being the surface tension on 8 and p the difference
of densities of the liquid and of the gas above the liquid. The sign of the
gravitational constant g (and hence of ) is chosen to be positive when gravity
acts to pull the liquid downward toward the base. We do not restrict g to its
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terrestrial value, and it will be convenient to distinguish the cases x > 0, x = 0,
and « < 0.

The boundary condition on u(x) specifies that § intersect Z with constant
angle v (measured interior to the liquid). We have

cosy = W'Vu-n (1b)

on the two straight segments, where n denotes the outer-directed unit normal.
The contact angle v is determined by the physical properties of the three phases
at the liquid-solid-gas interface!; in practice, it is found experimentally.

If, for a certain choice of materials, 0 < y < 37 (e.g., water and glass), then
the fluid is said to ‘“‘wet” the solid. We need only consider this case, since
the “nonwetting” solutions, for which 3w < v < = (e.g., mercury and glass, or
water and paraffin), can be obtained from the “wetting” ones by the transforma-

tiony =7 — v, % = —u, H= —H. Ify = }n, then (la, b) admits the triv-
ial solution, v = const. This is the unique solution if (1b) is prescribed on
the entire boundary of D.

Since we shall study the values of u(z,y) = u(x) only at points x near V,
we may suppose D to be a circular sector bounded in part by a circular arc
centered at V. Denoting the entire boundary of ® by €, and setting Tu =
W—! Vu, we may integrate (1a) by parts to obtain®

K Spudk + 2H fgdx = $¢ Tu-nds. @)

Thus, with @ the area of ®, £ the length of €, and & the mean height of the
liquid,
2@ H = £ cosy — k@h. (3)

It follows that if xk = 0, H is determined by © and v. If x # 0, (3) gives a
relationship between H and h.?

We remark that the left side of (la) is twice the mean curvature of 8; thus,
if x = 0, the solutions of (1a) are surfaces of constant mean curvature H. If
k # 0, H can be eliminated by adding a constant to w (which leaves
(1b) unchanged); thus, in this case, each solution of (la) represents a surface
whose mean curvature is proportional to its height above some reference plane.

2. The most striking situation is that for which the gravitational field
vanishes, so that «k = 0. Then (la,b) becomes

div (W—1Vu) = 2H in D, (4a)
and Tu-n= W'n-Vu = cos vy (4b)

on the straight segments, so that u(x) determines a surface of (positive) con-
stant mean curvature H in D, subject to the boundary condition (4b). As
indicated above, we may suppose D to be a circular sector with interior angle
2a at V. We shall show:

A solution* of (4a, b) can exist in D if and only if o + v > 3m.

Thus, for prescribed contact angle vy on the side walls of the wedge, there can



Downloaded at DONNER LIBRARY 1 201 on February 3, 2022

294 APPLIED MATHEMATICAL SCIENCES: CONCUS AND FINN Proc.N. A. 8.

be no capillary surface of the indicated form when the interior wedge angle is
smaller than 37 — v.
The second half of the assertion is a special case of a more general result:
Suppose that « + v < 3w. Then there is no solution* of the inequality
div(W—lvy) <2H < o (5a)
in D, which satisfies
Tu-n > cosy (5b)
on the straight segments.

To demonstrate the result, suppose the existence of such a function u(z,y),
with @ + v < 4w, Forany r > v satisfying « + 7 < 3, there would be a point
O on the bisector of the wedge angle, and segments of length H—* from O to
points A and B on the straight segments, such that the angles VO A and V O B
are each 1w — (a + 7) (cf. Fig. 1). The circular arc AB about O determines a

N
region © bounded by AVB, and for r sufficiently close to(37 — «), there will
hold @ C ©. For this configuration, we obtain from (5a), by an integration
by parts,?

fg‘v\BTu-ndSSHfQde. (6)

Choose O as origin of coordinates, and observe that div x = 2. Thus, (6)
can be written
F5i (Tu — Hx)-nds + F473 (Tu — Hx)-nds = I, + I, < 0.
b P
On BA, |Tu| < 1, whilex-n = —H-', Thus, I, > 0. On AVB, Tu:n
> cos v by (5b), whilex -n = H'cosr < H'cosy. Thusalso I, > 0. This
contradiction proves the assertion and, as a consequence, the necessity of the
previous assertion on the solutions of (4a, b).
It remains to show that solutions of (4a, b) do exist if « + v > 7. We pre-
sent such a solution explicitly. When we represent the wedge sides in the form
y = z tan @ = 0, then that part of the lower half of the sphere

uz + (@.— H-'cos vy esc @) + y* = H2, @

which lies over D, is easily seen to satisfy the required conditions.®

Fia. 1. Fia. 2.
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3. The question immediately arises as to what actually occurs in a practical
situation when the governing equations admit no solution. Such a situation
might well be encountered on a space flight should the unwary traveler attempt
to sip his apéritif from a glass of square cross section. In this case one could
have ¥ = 0, while @ = i, so that no free surface of the type considered here
can exist. It seems to us that a proper clarification of the matter is not to be
found in a questioning of the constancy of v near the corner, but rather in some
modification of the class of surfaces admitted to competition in the original
variational formulation (cf. §1). The fluid evidently seeks out the corners of
the container, to the extent that no finite volume of fluid will yield a simple
covering by 8 of a domain D that extends to the vertex. This view is supported
by the material in the following sections.

4. Suppose now that x > 0. The methods of section 2 show immediately that
if @ + v < }m, then there is no solution of (1a, b) in © which is bounded above
near V. We may, however, employ a different procedure and strengthen this
result. We assert:

If « > 0 and a + v < 3w, and if u(x) satisfies* (1a, b) in a wedge of interior
angle 2a, then for all points of distance r to the vertex V and sufficiently close to V,
there holds

ku(x) < 2r—! csc o cos (e + v) + «r sin a sec (e + v) — 2H. (8)

The complete demonstration of this result is too lengthy to be presented here.
It is based on consideration of a lower hemisphere 2 of radius sufficiently small
to permit placing it so that (a) its center lies above $ and projects onto the
bisector of the vertex angle at V, (b) equation (1b) is satisfied with contact
angle ¥ < v, and (c) no points of Z project onto the curved part of the boundary
of ®. It can then be shown that if Z is so situated that, in addition, none of
its points lies below 8 but such that = contacts § at least at one point P, the
projection of P onto the plane of D will lie interior to the projection of = and
also interior to ® (and not on the bounding segments or circle). Once this
fact is established, the result follows easily from general properties of solutions
of elliptic equations.

5. Consider the situation of the preceding section, except that now « + ¥
> %, and consider the disk of radius é whose center lies in D on the bisector and
whose bounding circle passes through V. Let é be sufficiently small so that the
portion of this circle lying between the wedge walls is in ©. The lower hemi-
sphere with the same bounding circle then meets the wedge with the angle
¥ = 37 — @, so that ¥ < 4. The preceding method now shows:

If « > 0 and o + v > 37 and if & is introduced as above, then any solution* u(x)
of (1a, b) in D salisfies

cu(x) < 26— — 2H + o« 9)

throughout the disk (and hence in particular in a neighborhood of V in D).
6. Again consider the same configuration, and let § be as above. Then
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the same method, if now the upper half of the hemisphere is used and placed
below the surface §, yields:

If k > 0, there holds for any solution w(x) of (1a, b) in D
xu(X) > — 267! — 2H — & (10)

throughout the disk.%

Note that this last result holds for all values of a -+ 7.

7. The preceding material shows that if x > 0, then every solution of (la, b)
is bounded below at V. If also @ + v > }w, then every solution is bounded
above. Iinally, if k > 0 and a 4 v < §m, then the solutions u(x) satisfy u(x)
= O@*) at V. Consider now the region 2, C D, bounded by the wedge walls
and by the segment AB of Figure 2. Then u(x) = O(r~!) implies that the
liquid volume Sfgu(x)dx = v(r) = O(r) at V. We show that this result cannot
be improved, that is, it represents the actual behavior of v(r) for any solution.
In fact, a more precise statement can be made:

If k > 0 and o + v < %, then for any solution® u(x) of (1a, b) in D there holds

lim inf r=10() > 2-1V1 — sin (« — v) V1 — sin (« + 7).
r—

To show this, we need only integrate (la) by parts in @, and apply (1b).
We find 2rcosy + 7 Tu nds = « Sg u(@)dx + 2H [ dx. Since |Tu| < 1,
there follows r—=! V(r) > 2«x~![cos ¥ — sin a + O(r)], which yields the stated result.

8. One consequence of the above is that if x > 0, « + v < 37, then u(x) >
const/r at an appreciable set of points as r — 0, thus suggesting that this inequal-
ity really holds uniformly for small ». We are presently able to prove such a re-
sult when a is not too large (depending on ), and under an additional hypothesis
on the behavior of u(x) at V:

If k > 0,04 v < 3mand of @ < cos v/(x — sin v)s then for any solution u(x)
of (1a, b) which s continuous” in the closure of D, there holds, letting 6 be the
polar angle at V measured from the bisecting line,

ku(@) >r1 (1 4+ atany — Va?sec?y —02) — 2H (11)

for all sufficiently small r.

This result, together with (8), (9), and (10), characterizes the qualitative
behavior of the solutions of (la, b) in a wedge when « > 0. Note that just as
in the case k = 0, the behavior changes strikingly, depending on whether o -+ «
<gjrora-+vy =Ziw

9. Tigure 3 shows the result of a kitchen-sink experiment, in which two
microscope slides were held together by a rubber band and separated along
one edge by a small piece of plastic so as to form a wedge with interior angle of
about 10°. The bottom of the wedge was then dipped into the surface of a
reservoir of liquid. In Figure 3a the liquid is water; in (b) it is California
olive oil. In both cases, @ + v < 37. The accompanying table shows normal-
ized values of the product 7u(r) as function of r. (u(r) is the value of u(x)
on the wedge wall.) The last value for water in the table was obtained by
extrapolation above the slide. The discrepancies from constancy for small r
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are probably due to a slight separation of the slides, which was observed along
portions of their line of contact.®

10. The phenomena described above may conceivably play a role in the
mechanism by which water is supplied to the upper leaves of tall trecs. As is
known, computations based on the rise height of a circular meniscus indicate
that the xylem conduits of trees are much too large to raise water to the necessary
levels by capillary action alone. However, we have seen that a hollow filament
of polygonal cross section will carry liquid to arbitrarily large heights, provided
at least one of the interior angles 2« is such that @ + v < 3w. This appears to
be the case for the tracheids of conifers, as well as for some of the conduits
occurring in woody angiosperms. Thus, one could expect that some water
would be transported through air-filled cells which, according to the generally ac-
cepted “cohesion” theory, are considered to have ceased to function in the trans-
port mechanism. Whether the amount of fluid that can be carried in this way
suffices to be significant for the water balance of trees is a question that remains
to be investigated.!®

11. Capillary surfaces in small tubes or under small gravitational field are
known to remain stable when the gravitational field is reversed in direction.
Among others, Reynolds and Satterlee’> and Concus® have investigated the
question, and Jetter' has reported on experiments in particular cases. The
methods we have used in the case x > 0 can be used also in this situation (x < 0)
to characterize the qualitative behavior of the solutions in a wedge. We state
here only the results:

(i) Ifxk < 0and a + v < 3m and if u(x) satisfies* (1a,b) in a wedge of intervor
angle 2a, then for all points of distance r to the vertex V and sufficiently close to V',
there holds xu(x) < 2r—" esc a cos(a + v) — xr sin a see (a + v) — 2H.
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(i) Lef & be as in section 5. If k < 0 and o + v > %, then any solution*
u(x) of (1a, b) in D satisfies ku(x) < 26~ — 2H — ok throughout the disk (and
hence in particular tn a neighborhood of V in D).

(i) If x < 0, then for any solution w(x) of (1a, b) in D there holds xu(x) > —
26—' — 2H + 6« throughout the disk. 3

(iv) Ifx < O0and a + v < %=, then for any solution u(x) of (1a, b) in © there
holds lim sup r~0@) < 271 4v/1 — sin (@ — ¥) V1 — sin (« + 7).

12.  This last result may possibly provide an explanation for an unexpected
experimental result of Jetter,* who found that for ¥ = %, the capillary
columns in sufficiently fine tubes of round and of square cross section were stable
when inverted, while for y = 0 the round column was stable and the square one
unstable on inversion. The result (iv) above shows that in the case of a square
with v = 0 and x < 0, there must be a sequence of points tending to the corners,
along which %(x) = — . This suggests that the fluid surface would extend
to the bottom of a container when it is inverted, providing a path for air to
reach the bottom (the top after inversion) of the fluid mass, thus relieving the
pressure differential which would be necessary to prevent the column from slid-
ing as a rigid mass down the tube.

13. In this paper we have restricted our attention to a particular and simple
configuration in order to emphasize what seem to us the most striking features
of our results. In a larger work which is now in preparation, we shall present
complete demonstrations of the results we have stated here; we shall obtain
them as limiting cases of more general results, which apply to boundary arcs
having a continuously turning tangent, and as special cases of properties of
solutions u = wu(xy,++,x,) of the equation > ;% (W~'w,),, = xu + nH defined
over an n-dimensional region ©, and satisfying W—"n - Vu = cos y, where v is
subject to certain restrictions, on the bounding surface = of D.

A typical result is the following:

Let u = u(wy, +, x.) be a solution of the inequality > ;%1 (W—1u,),, < nH < «

in a one-sided neighborhood of a point P of an (n—1)-dimensional surface = with
mean curvature Hy. Suppose that Hy(P) > nH/(n—1). Then cos ¥y < 1 at P.

The example of the hypersphere of radius H~' shows that one can have cos v
= 1 on a surface 2 for which Hy = H. A less trivial example shows that the
assertion is in general false if H3(P) < nH/(n—1). Finally, for any prescribed
H3(P) there are surfaces Z, and corresponding solutions u(x) in a one-sided
neighborhood N of Z at P, that yield arbitrarily prescribed values cos vy = const
< 1 on Z (although the size of Ny must then be restricted, depending on v).

Observe that in the case n > 2 it is the mean curvature of = that is crucial
in determining the local qualitative behavior (near Z) of the solutions. This

-fact would not be apparent in a discussion limited to two dimensional surfaces.

We should like to thank A. Acrivos, C. Concus, D. Kilbridge, and P. M. Ray for
helpful comments.

Note added in proof: After submitting this paper we obtained the explicit form of the most
general solution for the case a + v < 3m, to within an additive constant. The resulting im-
provements in estimates (8), (11), and (i) of § 11 will be given elsewhere.!s
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Commission and in part under contract AF 49(638)1345.
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